







































Soliton solutions of the classical lattice sine-Gordon system
B. Enriquez
Abstract. We study the soliton-type solutions of the system introduced by B.
Feigin and the author in [EF]. We show that it reduces to a top-like system, and we
study the behaviour of the solutions at the lattice innity. We compute the scattering
of the solitons and study some periodic solutions of the system.
Introduction.
In this work, we study solutions to the lattice sine-Gordon system introduced by
B.L. Feigin and the author in [EF]. This system consists of two families of compatible
ows, analogues of the sine-Gordon and mKdV ows. We recall that the solutions
studied in the continuous context are characterized by the requirement that they be
stationary with respect to a linear combination of those ows. We study the analogous
problem here, and reduce it to a top-like system. We then show how to pass from
the group variables satisfying this system to the local variables (inverse scattering) ;
in particular, we nd solutions with variables tending to a constant at lattice innity
(soliton solutions). We then study the scattering of these solutions, and we nd a
purely elastic behaviour. Two features are rather dierent from the continuous case :
the absence of charge of the solitons and their non-fermionic character (solutions with





: positive Cartan and negative principal subalgebras instead of positive and
negative principal subalgebras in the continuous case.
Finally, we study some periodic solutions of the system. We nd that such
solutions are characterized by the condition that the dierence of the two points at
innity on the spectral curve is torsion in its Jacobian.
We express our thanks to B. Feigin for discussions related to this problem and
to Mme Harmide for typing this text.
1. Review of continuous sine-Gordon system.
Let  be a function on R and let us consider the matrixM
x




















































(+h) is developed around  = 0



























































































































































1 faster than any inverse polynomial, and they preserve these bound-




1 faster than any inverse


























) =    = 0




( + h)] = 0), then the higher
SG equations can be rewritten with +1 replacing  1, at point ' ; these con-
ditions are preserved by the ows. [Note that any solution to this system, such
that e
4'
! 1 and @
SG
k




























































is proportional to 
 1
; since its square equals 
 2
, it is equal to 
 1
. These









































) = 0 ;












['(1) '( 1)] = 0 (conservation of topo-
logical charge).]
The higher sine-Gordon ows commute with each other and with the mKdV




























Then to extract e
'
from this matrix, we have to take matrix coecients of this group
element in some integrable representation. It means that M
x





() living in the central extension of the loop group, obeying the
same equations as M
x




() is exp('h) times a central
















i is a level-one highest weight
vector, such that hj
0
i = 0. Now, if j
1

































































; F (z)] = z
n





























































































). This shows :
Proposition.| The mKdV and higher SG ows span a nite dimensional family
of vector elds on the multisoliton solutions.
Note also that g
0












) we deduce that as a function of  it has poles at  = z
i
.
2. The lattice sine-Gordon system.




































































































































Proposition.| The following relation is satised
fM
; gg = (M 
 g) ;















































































































g which follow from [EF] (here fa; bg
0
= fa; bg  (deg a)(deg b)ab, deg x
i
= 1, deg y
i





M)   (M 
M)r
R
: it is ( 




], (where (x) = [r; x 
 1 + 1 
 x]).
























i] ; since [; 










Let us set H
i
= constant coecient of tr(
 (2i+1)








































The Hamiltonian ows generated by the H
i
commute with the mKdV ows
(since H
i




, which commute to the
integrals of motions) ; these ows will be denoted @
H
i
. Generally they will make sense














will be innite. Nevertheless, for solutions of the















= 0 and that the linear spans of @
H
1










Let us now show how the vector elds @
SG
n
operate on the space of lattice vari-





































































































































































































































for " = 0, and y
n




= 0 or 1(k
0
= 0).












































































, then the system
of equations can be rewritten with +1 replacing  1 ; these conditions on the lattice



















for x!1, has to satisfy
the above conditions on A
N;N
0























































































, for jij large enough.























should satisfy 2A +
























































any inverse polynomial ; the conditions (2) are satised.
5
3. Finite dimensional orbits of lattice ows
Let G be the completion of S`
2






















0, and let A
+

























































































































































clear what the images of the natural ows on A nG=H
 
are by this correspondence.
Finite dimensional orbits of these ows are also in correspondence ; they are also the






























with the matrices dened in (3)
and (4).





those satisfying conditions at innity (the soliton-like orbits).



















































; x has to be of the form

 1




. The vector elds


























































) if we know x(t). Suppose that g(t) cor-

































































































In general, the system (5) can be solved noticing that x(t) follows an isospectral


























= 0. If this curve is







) are expected to have
a quasiperiodic behaviour. In any case, we will see that such solutions cannot have a
soliton-like behaviour; such solutions will correspond to rational curves with double
points.
4. Soliton solutions of the lattice ow
4.1 Integration of the system









= a. We have for such a solution, N = 0 so at dot x
i









, and at dot y
i































) has soliton behaviour, and corresponds to a -
























(this means that all coordinates ofM

i
(t) in the natural coor-
dinate system of S`
2
























(t) denote the functions x(t) rela-























































































































= 0 on our solution. If we assume all 
i
's to be real,




(t)! a for t
i
! 1, other t
i
's xed will be reduced to
a problem of a nite number of ows. (Some solutions with complex 
i
's have the
same property, e.g. 1-soliton with Arg 
"



































































; " = 1 :









; x]; k  0:




x are 0 for n < N , and for n  N they will all be proportional to
[x
 




































































































































































































































































































































































































































































Consider the case N = 1. 
1
































































































































































































































Replacing " by 1 in (7) amounts to replacing a by  a. (10) can be considered
as a one-soliton solution to the system.

























































Note that up to time shift, complex solitons depend on one variable (Arg K) and
real solitons on no variable.
9
4.2 Breather solutions.




not real. Rather than solve (7)
explicitly, let us make the following qualitative remarks. Complex solutions depend






) on two real variables (ImC
0















































































should be real : again the real solutions depend on no additional variable
(up to time shifts). Let us again consider a complex solution and let us study its





































































































) = 0; i = 1; 2;

















tend to a. Let us study
now the behaviour of these solutions w.r.t. lattice periodicity. The lattice translation

























; in particular, let us compute























































) is the soliton solution
with parameter 
1
described before. In this situation, the lattice translation corre-











































































































































































)! a when N !1. One can easily show that





have soliton-like behaviour (in the sense of 4.1) and can be thought of as analogues
of the breathers (despite the fact that solitons are not charged).
10
4.4 N-soliton solutions.
Let us turn now to the general case : we have p real poles 
1


















; all pairwise dierent. We will show
that the corresponding solution has soliton-like behaviour, and that it corresponds
to the scattering of p solitons and q breathers. Now N = p + 2q. Let us discuss the
eect of a large translation in times along some vector (
0
;    ; 
N 1






























































































are all non zero, all
Re(T
j






















) tends to a.
Let us discuss now the eect of a lattice translation. It corresponds to some








); i = 0;    ;N   1. We again compute 
i
by analytic
continuation of the case where all 
i





















;    ; t
0
N 1
















































In our case, 
0






































































) tend to a as ! 1 ; this convergence is exponential
in , as is easily shown. So the solution has soliton behaviour.
Let us indicate the regions of large times where the solution does not tend to



























j, for i  p; `; `
0
 p+1; ` 6= `
0
. They correspond to solitons
and breathers with parameters 
i
; i = 1;    ;N   2.
Let us compute now the phase shift of the particle 
i
, due to the scattering with
other particles.










































































































if i > p. So the phase shifts are the sums of two-particle contributions ; this is a
situation of elastic scattering.
11
4.5. Multiple-poles solutions.



























































































































































are linear combinations of the times t
0
s+1
. The eect of a lattice
translation and the large time behaviour of this system are studied in the same way
as for the simple poles solutions : so multiple poles again dene solitonic solutions,
whose scattering can be computed similarly.
We note two main dierences with the continuous case : absence of topological
charge, and no fermionic nature of the solitons.
5. Periodic solutions of the lattice ow.
We now examine the possibility of nite dimensional orbits of the lattice ow




(t). Let  be this period. The condition for








+     
 1
+   















(t). This condition is preserved by the ows :






























































; b] which clearly preserve
its form. Writing b = P +Qx, P;Q rational fractions in , the conditions on P and




det x = 1. Thus the condition
is the existence of a meromorphic function on the spectral curve, with only zeroes
and poles at the points at innity 1

. The order of this zero (or pole) is , and we




) = 0 is the Jacobian of the curve;  is also the lattice
period. Thus the periodicity condition is that the dierence of the innity points is
torsion is the Jacobian of the spectral curve.
We compute now the dimension of the space of periodic solutions among all






















), and also x ; but we can restrict ourselves without








) divides x. Let now
R = R
0















). The degrees of P andR
0
































































. The space of possible fractions has dimension
2(   N   1), and 2   (N + 2) equations must be satised in it ; this imposes




. It would be interesting to see if some natural
Poisson brackets on the (
i
) can be introduced, and what kind of submanifold the
periodic solutions will be in the space of all solutions (or of hyperelliptic curves) with
respect to this Poisson geometry.
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